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ABSTRACT

In agentic Al systems, frozen foundation models are increasingly deployed as
closed-weight API endpoints, making downstream adaptation possible only through
the inputs and inference procedures surrounding the model. As a result, for each
input query, two coupled decisions largely determine both answer quality and
token cost: what evidence to provide and how much reasoning budget to allocate.
Fixed defaults along these axes are often suboptimal, misallocating support form
or reasoning depth on roughly 80% of queries in our analysis. To address this
challenge, we propose FORGE, a unified framework for adapting frozen models
through per-query routing over a joint action space that spans both support form
and thinking depth. Under an entropy-regularized, cost-aware utility objective,
we derive a closed-form Boltzmann routing target and instantiate the policy as
a lightweight 269K-parameter factorized router. The routing policy is trained
around the frozen host, without any weight access, through a three-stage pipeline:
offline arm enumeration, supervised Kullback-Leibler (KL) distillation from the
Boltzmann target, and Group Relative Policy Optimization (GRPO) refinement with
host feedback. Across 5 knowledge-intensive benchmarks and 8 frozen backbones
ranging from 7B to 671B parameters, FORGE improves accuracy at 42-45% lower
token cost on both main hosts, transfers zero-shot across hosts at lower token cost,
and composes with intrinsic thinking budgets where available.
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Figure 1: Fixed support forms in frozen-host workflows (a,b) and per-query support-form selection
with FORGE (¢).
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1 INTRODUCTION

Agentic Al has seen remarkable progress in recent years, with many of the most capable systems
built on top of large foundation models (Achiam et al., 2023; Comanici et al., 2025; Sapkota et al.,
2025; Ferrag et al., 2025). Aligning these general-purpose models with task-specific requirements
usually relies on adaptation via fine-tuning, using methods such as low-rank adaptation (LoRA) (Hu
et al., 2022) and residual adapters (Rebuffi et al., 2017). However, foundation models are increasingly
deployed as closed API endpoints, with private weights and no access to internal states, making
host-side fine-tuning infeasible (Sun et al., 2022; Cheng et al., 2024a; Gao et al., 2023; Asawa et al.,
2025). This raises a central question: how can we effectively adapt frozen, closed-weight foundation
models to downstream tasks?

For a fixed frozen host, effective adaptation hinges on two axes: what evidence to provide (Jeong
et al., 2024; Asai et al., 2024; Zhu et al., 2026; Lewis et al., 2020b; Karpukhin et al., 2020), and how
much reasoning budget to allocate (OpenAl et al., 2024; Guo et al., 2025; Anthropic, 2025; Wang
et al., 2025; Wei et al., 2022; Snell et al., 2024; Press et al., 2023; Trivedi et al., 2023; Yue et al.,
2025; Muennighoff et al., 2025). In practice, however, agentic Al workflows commonly rely on fixed
forms of support applied uniformly across queries, such as direct inference or retrieval-augmented
generation with a predefined evidence format (Figure 1). This uniform treatment can be suboptimal
because the most effective support form and reasoning budget vary substantially across queries.
A controlled probe of a frozen Qwen3-8B on HotpotQA (IN=2,500) makes this gap concrete
(Figure 2). On the evidence axis, 7.3% of queries are answered more accurately without retrieval
than with full passages, 79.4% achieve identical F1 under a query-aware compressed summary as
under the full top-k, and only the remaining 20.6% show any F1 difference between the two. On the
reasoning axis with Qwen3-8B, 12% of queries are harmed by long reasoning, 60% reach identical
F1 under NOTHINK as under THINK-HIGH, and only 28% genuinely benefit. These results suggest
that both axes call for adaptive, per-query decisions. Beyond this, the two decisions are inherently
coupled: better evidence reduces the reasoning needed to reach an answer, and deeper reasoning
reduces the evidence required to support it. Addressing either alone leaves this coupling unexploited.

This observation raises three open questions. (O How should the two axes be jointly adapted at
the query level? Adaptive-retrieval and adaptive-reasoning methods each address one axis while
fixing the other, leaving no formulation that adapts both together per query. @ How can such a joint
policy be trained around a frozen, weight-inaccessible host? Since the host cannot be finetuned,
adaptation must rely on a separate router that learns from external signals such as offline labels
and online host feedback. However, existing methods treat these two signals as separate training
paradigms, rather than as complementary signals for a common cost-aware objective. @ What
target should such a policy be trained toward? Existing routers define training targets heuristically,
without a closed-form connection to the underlying cost-aware decision problem.

To answer (O, we formalize joint adaptation as per-query routing over a unified action space.
The action a = (u, 6) pairs a support form p € {Direct, Summary, Raw}, corresponding to three
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Figure 2: Frozen LLM agents are picky readers. a. The three common support forms. b. No
support form is universally optimal; the best choice depends on the input query. ¢. Our proposed
FORGE establishes a new Pareto frontier over fixed support forms.
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evidence-channel rates between the corpus and the host (no retrieval, query-aware compressed
retrieval, and full top-k passages), with a thinking depth 6 (two settings on non-thinking hosts and
four on hosts that expose test-time compute control). For each query, the router selects a single joint
action a that maximizes the Pareto utility U(z, a) = F1(x,a) — A\inGin(@) — AoutCout (T, @), trading
answer F1 against normalized input and output token cost. Crucially, the two axes are no longer
optimized in isolation: a single utility evaluates the joint choice and a single policy outputs it per
query. Within this formulation, FORGE instantiates the joint policy as a 269K-parameter factorized
router that selects the action in a single forward pass before the frozen host answers. Importantly,
standard RAG, Adaptive-RAG, and tiered-memory routing arise as degenerate special cases of the
proposed FORGE by fixing one or more routing dimensions.

To answer @, we train the router through a three-stage pipeline that runs entirely around the
Jrozen host without changing its weights. Stage 0 enumerates a 3-arm warm-start subset Ay, =
M x {NoThink} on 1,500 training queries, recording per-arm F1 and token cost (= 4,500 host
calls, under one hour). Stage 1 fits the warm-start router 7g, to a Boltzmann target restricted to
Awarm via KL distillation (CPU-only, two minutes). Stage 2 lifts the policy to the full alphabet .A
via GRPO (Shao et al., 2024) with sampled host rewards and a KL anchor to 7, (812 hours on
one 8-GPU node). The same pipeline produces the 6-arm router for non-thinking hosts, the 12-arm
joint-policy router that composes with the reasoning-budget axis on capable hosts, and a single router
that transfers zero-shot across hosts. Router computation adds 0.5-5.5 ms per query; on a fresh query,
the full variant also issues four parallel host probes for its features, whereas FORGE-Lite needs only
the final answer call (§4.2, App. B.9).

To answer 3, we ground the router in a unified Pareto reward and a closed-form Boltzmann target.
The Pareto utility above is the system’s single source of truth: every training stage, every baseline, and
every Pareto operating point sweeps along it. Adding an entropy regularizer to the cost-aware utility
maximization, as in maximum-entropy reinforcement learning (Ziebart et al., 2008; Haarnoja et al.,
2018), fixes a unique closed form on the discrete action space, 7*(a | ) « exp(U(z,a)/7). The
same softmax form is also the choice rule of discrete-choice random-utility models (MCFADDEN,
1973), suggesting that the Boltzmann target is a natural cost-aware decision rule rather than an ad hoc
soft label. Stage 1 distills this target on the warm-start actions, and Stage 2 refines the policy against
the same utility with sampled host rewards; App. D characterizes the idealized fixed point of the KL-
anchored Stage-2 objective. Proposition 3 (App. D.3) further decomposes the warm-start mismatch
into a support-form marginal gap plus a closed-form log |©|—% cost from the uniform thinking head.
These results characterize the target and its initialization rather than guarantee convergence of the
implemented optimizer.

Across 5 knowledge-intensive benchmarks and 8 frozen LLM backbones from 7B to 671B parameters
across three deployment regimes (non-thinking local, thinking-capable, frontier non-thinking), FORGE
Pareto-dominates Always-Raw on every cell tested on Qwen3—-8B and Mistral-7B (42.4 and
+2.9 macro F1 at 45% and 42% lower cached token cost; §4.2). A single router trained on Qwen3-8B
transfers zero-shot to three frontier backends, matching or exceeding Always-Raw F1 on 11 of 15
task / host cells at 30%+ lower cached cost (§4.6). On thinking-capable hosts the joint 12-arm policy
exceeds Always-Raw with maximum thinking budget by +1.4 to +1.9 macro F1 at roughly half the
total token cost (§4.5). We believe that this work contributes to the tractable, theoretically grounded,
and broadly transferable axis of frozen-agent adaptation.

2 PRELIMINARIES AND RELATED WORKS

2.1 RELATED WORKS

Model routing selects the host (Chen et al., 2024; Ong et al., 2025; Jiang et al., 2025b; Cheng et al.,
2024b; Su et al., 2024; Jiang et al., 2023; Hu et al., 2024; Ding et al., 2024); adaptive retrieval selects
whether and what to retrieve (Jeong et al., 2024; Asai et al., 2024; Zhu et al., 2026); thinking-budget
control selects reasoning effort (Wang et al., 2025; Alomrani et al., 2025; Welleck et al., 2024; Yao
et al., 2023). Building on these choices, including partial support-form selection, FORGE jointly
selects Direct, Summary, or Raw evidence and a host-exposed thinking setting under one measured
quality—cost utility (extended discussion in App. A).
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2.2 ROUTING OBJECTIVE AND BOLTZMANN SOLUTION

Let A be a frozen pre-trained LLM with fixed, inaccessible parameters, x a query, and D a document
corpus. The router selects a = (u,6) € A = M x ©, with support p € {Direct, Summary, Raw}
and thinking configuration 6 (§2.3). Using prompt constructor g,, the host returns § = A(g,(z, D)),
with F1 m(z,a) = F1(g, y) and input/output token costs ¢;, (@), cout (z, a). Dataset-level maxima
normalize these costs to ¢y, Cout, yielding the per-query Pareto utility:

U(z,a) = m(xz,a) — AinGin(a) — AoutCout(,a);  Ain, Aous > 0, (D

The weights set the quality—cost operating point; Ao,+=0 penalizes input cost only. Labeled queries
provide m(x,a) for executed actions during training and evaluation. At inference, routing uses
pre-answer features without observing the selected response’s F1.

For a fixed query z, finite action set A, finite utilities U (x, a), and temperature 7 > 0, the entropy-
regularized objective max(.jz)ea(4) Do 7(a | #)U(z,a) + 7H(x(- | x)) has the unique solution

exp(U(x,a)/T)
S wexp(U(z,a)/T)’

As 7 — 0, it concentrates uniformly on utility maximizers; as 7 — 00, it becomes uniform. The
standard solution gives Stage 1 soft labels on enumerated warm-start actions. Optimality holds
for the stated entropy-regularized objective, without guaranteeing that the parameterized router or
clipped Stage 2 update attains it. Stage 2 refines the policy with sampled host rewards over the full
combination of support forms and thinking settings (§3.2).

@

m™(a|x) =

2.3 THE ADAPTIVE-THINKING ACTION ALPHABET

The support form p is Direct, the query alone (negligible input tokens); Summary, BM25
retrieval with query-aware sentence-level compression (/= 250 input tokens); or Raw, full
top-k BM25 passages (= 450 input tokens). Thinking depth 6 is NoThink (plain decod-
ing), CoT-Prompt (the in-context “Let us think step by step” suffix), or, when the host ex-
poses a reasoning budget, Think-Low or Think-High (construction in App. B.3). Hosts with-
out a reasoning mode use O,;={NoThink, CoT-Prompt} (K'=6); thinking-capable hosts use
©;={NoThink, CoT-Prompt, Think-Low, Think-High} (K=12).

Query-dependent utility maximizers motivate adaptive routing. Proposition 1 (App. D.1) specifies
when a per-query utility oracle strictly exceeds every fixed action in expectation; §4 and §4.6 examine
action heterogeneity and six-arm references. The Oracle rows are descriptive references: their
selection rule was not retained, precluding claims of utility optimality or F1 upper bounds.

3 METHOD

FORGE jointly controls evidence delivery and reasoning depth before the frozen host answers. The
insight is their interdependence: evidence quality changes the value of extra reasoning, while the
reasoning setting changes what support is worth providing. Candidate actions’ F1 and input/output
tokens define the utility in Eq. (1) and soft targets in Eq. (2). Figures 3 and 4 summarize training and
routing.

3.1 ROUTER AND DEPLOYMENT FEATURES

The policy factors into a support-form head and a support-conditioned reasoning head:

mo(a | ) = 7y (u | h(z)) m5(0 | h(z), p). )

A shared two-layer MLP maps inputs through 256 hidden units to a 256-dimensional representation
(ReLU, dropout 0.1); the heads use a learned 16-dimensional support-form embedding. The six-arm
Full router has approximately 269K parameters (settings in App. B.4). Full FORGE uses a frozen
768-dimensional BGE embedding and 21 structured features (789 total). Eleven features depend
on one greedy host probe and three self-consistency samples, requiring four host calls before the
routed answer on a fresh query. Caching shifts these calls outside routed-answer accounting but
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does not eliminate their fresh-query cost. FORGE-Lite is retrained on 778 host-independent features:
the embedding, four BM25 statistics, one query—top-passage cosine similarity, and five structural
features. It requires no training or inference probes and only one final-answer host call. Both variants
share the single-step action set and frozen retrieval pipeline. Cached counts routed-answer tokens;
Fresh Online tokens and latency include every host call for a new query (Appendix Figure S1).

3.2 TRAINING

Stage 0: action evaluation. On each labeled warm-
start query x;, the frozen host executes a € Ayarm = Stage 0: Offline. Arm Enumeration
M x {NoThink} and records (mg, ¢f, ;, %, ;)- These (i cot) bl

39 ~in,?’ “out,t Teest

calls incur training cost without updating host weights. = =
. . 2 summary ()]
Gold answers provide my; §4 tests proxy rewards with Ez?y EE=) =

gold-labeled development data for router hyperparam- £ XN
eter selection.

Frozen Host
4,500 host calls - <1 h - 16PU

Stage 1: Boltzmann KL Distillation

Stage 1: supervised distillation. Using U(z;,a) N i
from Eq. (1), the evidence head minimizes
Dxr (701,174 ) against Eq. (2) on the three warm-

warm-start =_6_0
—

CPU only - < 2 minutes - NO host calls

start actions at 79 = 1; the reasoning head starts
uniform. A separate Stage-1-only control uses six-arm — . o
. . . . Stage 2: GRPO Online Refinement
offline observations, holding the full action set fixed to e T
isolate the contribution of Stage 2. somie ¢

. update
6-head
(trained) Frozen Host L_pol +BL KL +aL_ent

8-12 6PU hours - 8-6PU node - 160K query groups

Stage 2: policy-guided refinement. Over the full ac-
tion set, each of B queries receives GG sampled actions,
stratified to cover every evidence form when G > | M|. Figure 3: Three-stage training around a
Frozen-host executions yield 1, , = U(xp,ap,,) and frozen host. Stage 2 uses 5,000 x 32 =

normalized group-relative advantages 3.601( quirylgE(S)uMpsh Witth eighlt ts.ampled ac-
_ ions each: 1. ost completions.
1 ~ Tbg—Th - 1
Apg="0r 0 =g Zgjrb,g, @

where € = 10~% and zero-variance groups receive zero advantage. A PPO-clipped policy term (Schul-
man et al., 2017; Shao et al., 2024) uses this feedback, with a KL anchor to Stage 1 and an entropy
bonus. Appendix B.4 specifies sampling and the surrogate; the same-action-set ablation (§4) isolates
refinement from alphabet expansion.

4 EXPERIMENTS

4.1 SETUP AND EVALUATION PROTOCOLS

We evaluate HotpotQA (Yang et al., 2018), 2WikiMultiHopQA (Ho et al., 2020), MuSiQue (Trivedi
et al., 2022), PopQA (Mallen et al., 2023), and FEVER (Thorne et al., 2018) on Qwen3-8B-Instruct
and Mistral-7B-Instruct-v0.3, plus three thinking-capable and three frontier hosts. The six-arm
alphabet pairs Direct/Summary/Raw with NoThink/CoT-Prompt; thinking hosts add Think-Low/High
for 12 arms. BM25 retrieval is fixed; Summary deterministically extracts from the top three passages.
Splits and retrieval settings are in Appendices B.6 and B.3.

We report token-level F1, exact match (EM), and cost C' = Cjy, + Coyy, in k host tokens/query. Cached
cost counts the routed answer with precomputed features; Fresh Online includes feature acquisition
and the answer on a new query: four pre-route host calls for Full, none for Lite. Baselines are fixed
Direct/Summary/Raw, BM25-Threshold, Adaptive-RAG (Jeong et al., 2024), TierMem (Zhu et al.,
2026), s3 (Jiang et al., 2025b), and Sysformer (Sharma et al., 2025). The matched BGE+BM25-KL
router uses 768 BGE dimensions, four BM25 statistics, and one query—passage cosine, with the same
Stage-0 data, MLP capacity, optimizer, and development budget as FORGE, while excluding GRPO
refinement and host-dependent feature probes.
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Figure 4: Factorized router and frozen-host inference. The 789 — 256 — 256 encoder feeds
support and support-conditioned thinking heads (features: Table S6). Bottom panels expand support
choices and alternative settings of one host: CoT is prompted; Low/High use host-exposed budgets.
Probabilities, token counts, and the answer are illustrative.

Table 1: Canonical Cached results. Task F1 (%) and selected-answer cost C' (k/query);
HQA/MSQ/Pop/FEV denote HotpotQA/MuSiQue/PopQA/FEVER. Bold/boxed values mark best
practical task/macro F1 per host. Oracle is a descriptive six-arm reference; Table 2 gives online costs,
including the feature calls needed before answering a new query.

Qwen3-8B Mistral-7B
HQA 2Wiki MSQ Pop FEV Macro €' HQA 2Wiki MSQ Pop FEV Macro  C

Always-Direct 26.2 257 102 15.0 544 263 0.040 252 177 7.9 23.0 47.0 24.2 0.041
Always-Summary 46.9 38.1 19.0 87.0 81.8 54.6 0.270 383 245 11.8 80.0 69.5 44.8 0.265
Always-Raw 572 405 24.1 839 79.6 57.10.430 46.6 28.7 14.0 74.8 72.0 47.2 0.428

BM25-Threshold 50.5 38.0 19.580.5 78.0 533 0.268 41.5 262 125 73.0 69.0 44.4 0.263
Adaptive-RAG 56.5 40.0 23.0 80.0 77.5 55.4 0305 455 27.0 13.573.0 70.0 45.7 0.300
TierMem-2arm 47.6 39.6 20.8 81.8 81.8 543 0316 409 282 129704 704 44.6 0.314
s3 55.0 39.0 21.5785 755 5390305 455 265 138 71.0 67.0 44.8 0.310
Sysformer 57.5 38.8 21.2 86.0 76.0 559 0.285 47.8 235 142 75.0 69.0 45.9 0.300

Stage 1 (3-arm)  58.3 38.3 20.8 87.0 75.7 56.0 0.272 484 23.0 14.576.6 70.0 46.5 0.288
Stage 1 (6-arm)  59.0 40.5 23.587.2 78.0 57.6 0255 49.0 285 155775 71.0 48.3 0.272

FORGE 60.4 427 26.4 87.5 80.5 0236 50.2 305 16.7 80.5 72.5 [50.1] 0.249
Oracle (6-arm) ~ 67.4 532 34.0 88.5 89.2 665 0.168 59.1 42.6 23.2 834 820 58.1 0.182

Policy

4.2 ANSWER QUALITY AND THE COST OF A NEW QUERY

Full FORGE reaches 59.5/50.1 macro F1 on Qwen/Mistral, exceeding Always-Raw by 2.4/2.9 points
with 45%/42% fewer cached answer tokens (Table 1). It exceeds Sysformer, the strongest adapted
baseline here, by 3.6/4.2 points; Table 3 tests a matched lightweight comparator and isolates Stage 2
from action expansion. Fixed Summary leads on Qwen FEVER (81.8 vs. 80.5), which motivates the
development-set fallback for selecting a task-specific operating point.

Lite improves Qwen/Mistral F1 by 1.6/1.9 while saving 44%/40% of online tokens with roughly
5.5 ms added p50 latency (Table 2). Full gains accuracy but raises Qwen p50 from 122.5 to 271.4 ms.
On the DeepSeek-V3.2 API, zero-shot Lite gives 63.1 F1/0.182k tokens/about 2.2 s versus Raw’s
63.4/0.287k/about 2.1s: 36.6% fewer tokens for 0.3 F1 and a small latency increase. API limits
prevented online Full measurement. Lite thus preserves one-call efficiency; Full offers additional



Preprint. 2026-09-27

Table 2: Fresh Online results (batch size 1). All host calls and input/output tokens are counted;
F1/EM are five-task macro scores. Latency is end-to-end, with Full’s four feature calls parallelized.
Bold marks best quality or lowest online cost per host.

Host Policy Host calls Macro (%) %llllile Latency (ms)
Pre Total FI EM & 50 pos

Always-Raw 0 1 57.1 486 0430 1225 1489

Qwen3-8B  FORGE-Lite 0 1 58.7 49.8 0.242 128.0 154.1
Full FORGE 4 5 594 505 0.384 2714  329.8

Always-Raw 0 1 472 405 0.428 129.8 157.7

Mistral-7B. FORGE-Lite 0 1 49.1 419 0.256 1353 164.8
Full FORGE 4 5 500 427 0.400 291.7 354.6

accuracy when deployment permits the latency of parallel feature probes.
4.3 RELIABILITY, STRONG BASELINES, AND STAGE-2 VALUE

Table 3: Reliability and matched Stage 2 gains, Cached. Mean + SD: three splits x three seeds,
equal baseline tuning budgets; 2,500-update rows are single sweep points. Paired-query bootstrap
95% Cls use the canonical split, comparing policies with Raw or Full with six-arm Stage 1 at matched
features, decoding, and cost weights. Boxes mark best nine-run means.

Cached Matched Stage 2 effect

Macro F1 evidence

Host Policy C (k
Nine-run A vs Raw (k) Mean AF1 Canonical
mean + SD  95% CI ean 95% CI
Always-Raw 57.0+0.4 reference 0.431 - -
BGE+BM25-KL 57.5+0.5 [+0.1,40.9] 0.268 - -
FORGE-Lite 58.6 £0.5 [+1.1,+2.1] 0.243 - -
Qwen3-8B Stage 1 (6-arm) 57.6 + 0.5 - 0.255  reference -
Stage 2 (2,500 updates) 58.9 - 0.244 - -
Full FORGE (5,000 updates) |59.4 #-0.4 [+1.9,+2.9] 0.237 +1.8  [+1.3,42.3]
Always-Raw 47.1+04 reference 0.429 - -
BGE+BM25-KL 47.5+0.5 [0.0,40.8] 0.279 - -
Mistral.7p FORGE-Lite 49.0+0.5 [+1.4,42.4] 0.257 - -
Stage 1 (6-arm) 48.3 £ 0.5 - 0.272  reference -
Stage 2 (2,500 updates) 49.5 - 0.259 - -
Full FORGE (5,000 updates) [50.0 +:0.5 [+2.3,+3.5] 0250  +1.7  [+1.2,+2.2]

BGE+BM25-KL’s Mistral interval starts at
zero; the five retuned adaptive baselines
have intervals below zero against Raw on
both hosts. The canonical Qwen/Mistral
ladder separates labels, actions, structure,
and host features: hard-label BGE+BM25

Table 4: Cumulative feature ablation. Qwen3-8B
Cached F1 (%); parentheses show changes from the
previous row. Full ¢ is the final row, evaluated in a
separate feature-study run from Table 1.

56.8/46.7, KL distillation 57.5/47.5, six- Features HotpotQA  MuSiQue
arm routing with the same 773 fea- Structured only 56.8 234
tures 58.4/48.6, Lite 58.7/49.1, and Full + BGE embedding  60.4 (+3.6) 25.9 (4+2.5)
59.4/50.0 macro F1. + Retrieval 59.3(—1.1) 26.4(+0.5)
. . + Host probe 61.6 (+2.3) 26.4(+0.0)
Query embeddings yield the largest Hot- + Self-consistency  60.6 (—1.0) 26.9 (+0.5)

potQA gain, while the host probe adds 2.3
F1 (Table 4). Retrieval adds four BM25

statistics and one query—passage cosine. Appendix B.5 gives the matched 773-to-789-dimensional

comparison.

At matched actions, features, decoding, and cost weights, Stage 2 adds 1.8/1.7 macro F1 on
Qwen/Mistral and saves 7.1%/8.1% cached tokens (Table 3); 2,500 updates deliver about 70%
of the final gain. Refinement thus improves decisions within the same action space. Training uses
5,000 x 32 x 8 = 1.28M host completions, about 384M input/82M output tokens, and 64-96
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GPU-hours on one eight-GPU node per operating point. This one-time training cost is separate from
recurring feature probes, whose online overhead is measured in Table 2.

4.4 GROUNDING, PROXY REWARDS, AND OPERATING POINTS

Table 5: Grounding on Qwen3-8B (%). Canon- Table 6: Frozen proxy rewards, Qwen3-8B.
ical predictions; bold marks the best comparable  Best outcomes are bold; boxes mark the highest

value for each metric within each task. macro F1 and exact match.

Policy F1 Gold Source Prompt Unsup. Stage 0/1 Stage 2 FI EM = Source
recall supp. supp. reward  reward supp.

HotpotQA Gold F1 used in Stage 0/1

Raw 572 912 619 59.1 308 None 57.6 489 0255 659

Summary 469 734  54.0 51.8  37.1 Gold F1 0236 674

GoldF1 Lo - . . .

FEVER Judge 59.1 50.1 0239 67.5

Raw  79.6 941 820 803 129 No gold F1 in any training stage

Summary 818 87.6 844 831 104 Verifier  Verifier ~ 58.1 492 0248  66.6

Full 80.5 79.8  83.7 82.5 10.9

Judge Judge 58.6 49.6 0.245 67.1

Grounding (Table 5). Raw/Summary denote Always-Raw/Always-Summary; Full is Full FORGE. F1 is answer
F1; gold recall measures annotated evidence in the prompt. Supp./Unsup. denote support/unsupported rates
from a fixed NLI-style evaluator (threshold 0.70). Source support/unsupported rate cover all examples; prompt
support uses each policy’s Summary/Raw subset and is descriptive, not paired. A balanced 200-example human
audit gives 87.0% agreement (Cohen’s k = 0.74).

Proxy rewards (Table 6). Verifier/Judge denote the frozen verifier/LLM judge; None is Stage 1 only. Canonical
Cached evaluation: five-task macro F1/EM use held-out gold labels (%); C' counts selected-answer k tokens/query.
An independent frozen evaluator scores source support (%). Proxy runs reuse hyperparameters selected on
gold-labeled development data, as in the gold-reward experiments.

Full improves HotpotQA F1 and lowers unsupported answers: gold evidence recall falls from 91.2 to
64.8 while source support rises from 61.9 to 65.3 (Table 5). Selective evidence delivery can therefore
improve answer grounding even with less annotated evidence in the prompt. Fixed Summary leads
on all three outcomes for FEVER. These answer-level metrics do not establish reasoning-trace
faithfulness, and the generated outputs contain no citations.

A frozen judge supplies all training rewards and reaches 58.6 F1, within 0.9 F1 and 0.3 source-support
points of gold-reward training, at 0.245k versus 0.236k cached tokens (Table 6). Gold warm-start
with judge-based Stage 2 narrows the F1 gap to 0.4. Proxy rewards thus retain most of the gains;
hyperparameter selection still uses labeled development data.

Cost weights (Ain, Aout) = (0.10,0.20) are tuned on Qwen HotpotQA development data and fixed
thereafter. A Fresh Online sweep from (0.05, 0.00) to (0.20, 0.20) yields Qwen Full 59.9 F1/0.410k
tokens to 58.7/0.358k, and Lite 59.2/0.268k to 58.0/0.216k. Mistral Full spans 50.5/0.430k to
49.3/0.373k, and Lite 49.6/0.287k to 48.4/0.229k; Full’s first point exceeds Raw’s 0.428k. A fallback
requires a positive lower bound on the paired 95% development utility-difference interval against the
best fixed arm. It selects FORGE for HotpotQA/2Wiki/MuSiQue and Summary for PopQA/FEVER:
59.7 F1/50.6 EM/0.235k cached tokens versus Full’s 59.5/50.6/0.236k, using labeled development
data to select a suitable task-specific operating point.

4.5 THINKING CONTROLS AND TRANSFER

With fixed retrieval and one pre-answer decision, the 12-arm router adds 1.4-1.9 macro F1 over
Raw+Think-High at roughly half its cached cost (Table 7). Gains concentrate on multi-hop tasks.
Direct+Think-High reaches 38.5/47.3/48.4 F1 versus Raw+Think-High’s 63.4/69.6/69.5: evidence
still matters at the High budget, motivating joint control of both.

The full policy reaches Dxkr, = 0.02 from the Boltzmann target, versus 0.49 for Stage 1 and 0.64
without the KL anchor (Figure 5). This supports the anchor’s role in retaining the target’s selective
allocation across joint support—thinking combinations.
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Table 7: Joint support and thinking control. Task F1 (%) and Cached cost (k/query). Six-
arm FORGE excludes Think-Low/High; AdaReasoner+ (Wang et al., 2025) fixes support per task.
Bold/boxes mark best task/macro F1 within each host.

Host Policy Task Fl (%) M;Tro C
HQA 2Wiki MSQ PopQA FEVER
Raw+NoThink 58.0 412 245 84.5 80.0 57.6 0.485

Raw+Think-High 62.5 47.0 30.8 87.0 89.5 634 1.280
Qwen3-8B- Direct+Think-High ~ 38.0 305 185 38.0 67.5 38.5 0.890

Thinking AdaReasoner+ 62.5 46.5 31.0 88.0 90.5 63.7 0.952
FORGE, 6-arm 604 427 264 878 825 60.0 0236
FORGE, 12-arm 648 492 335 880 910 0.690
Raw-+NoThink 65.5 478 305 895 860 639 0482
Raw+Think-High ~ 70.5 540 370 915 950  69.6 1.350
Claude-4-  Direct+Think-High ~ 49.5 365 255 495 755 473 0910
Sonnet AdaReasoner+ 700 535 365 92.5 95.0 69.5 0.985
FORGE, 6-arm 670 490 320 920 885 657 0235
FORGE, 12-arm 724 555 388 930 955 0.715
Raw-+NoThink 640 465 315 920 865 641 0480

Raw+Think-High 68.5 53.0 38.0 93.5 94.5 69.5 1.420

DeepSeck-R1 Direct+Think-High ~ 50.5 380 275 50.0 76.0 484 0.940

AdaReasoner+ 68.5 53.0 38.0 93.5 95.0 69.6 1.045
FORGE, 6-arm 65.5 475 320 93.5 88.0 65.3 0.234
FORGE, 12-arm 705 550 395 945 955 0.730
Oracle (target) FORGE (Stage 1 only) FORGE (no Think arms) FORGE (no KL anchor, =0) FORGE (Ours)
£
a
3
£
4
£
£
Y
Direct Summary Raw Direct Summary Raw Direct Summary Raw Direct Summary Raw Direct Summary Raw
u (support form) H (support form) H (support form) u (support form) H (support form)
(reference) (Patn” 1m = 0.49] (Patn” Im=1.13] (Patn” Im=0.64]

Figure 5: Joint action distributions from 1,500 samples per policy. KL compares each distribution
with the leftmost Boltzmann training target, distinct from the descriptive Oracle in Tables 1 and S17.

4.6 CROSS-HOST TRANSFER

Table 8: Zero-shot Cached transfer. A Qwen-trained Full router with no target-host Stage 2. Cost
excludes fresh probes. Bold marks best F1/cost per host; Appendix C.5 gives per-task results.

Target host Macro F1 (%) Cached C (k)

Raw FORGE Raw FORGE
Llama-3.3-70B 58.5 61.2 0.318 0.205
DeepSeek-V3.2 63.4 63.4 0.287 0.176
Qwen3.5-397B 63.1 65.6 0.305 0.198

Full matches or exceeds Raw in 11/15 task—host cells, with macro F1 gains of +2.7/+0.0/+2.5 and
35.5%/38.7%/35.1% fewer cached tokens (Table 8). One source-trained router improves the quality—
cost balance across host families and scales; DeepSeek ties Raw at the reported precision with the
largest token saving. The online Lite result supports no-probe API use. Target-host calibration could
further tailor Direct support to each host’s prior knowledge.
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5 CONCLUSION

FORGE jointly controls evidence form and reasoning depth around a frozen host. Its factorized
router distills an entropy-regularized quality—cost target and refines decisions through sampled host
feedback. Across five tasks, Full improves nine-run cached macro F1 over Raw by 2.4/2.9 points on
Qwen/Mistral; matched controls attribute 1.8/1.7 points to Stage 2. Lite improves local-host F1 and
token cost with one online call, while Full uses four parallel probes for further accuracy. FEVER
favors Summary; DeepSeek transfer primarily saves tokens. Results across host families establish
joint evidence-form and thinking control as a practical adaptation mechanism with explicit quality,
token, and latency tradeoffs across host families and deployment settings.
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A RELATED WORK

Section 1 framed single-step, pre-answer routing around a frozen language-model host as a design
space with one intrinsic axis (how deeply the model reasons, when the host exposes such a control)
and three extrinsic axes (which model to call, how aggressively to retrieve, and what form the
retrieved support takes). The three subsections below organize prior work along this taxonomy.
Section A.1 covers intrinsic adaptive thinking, Section A.2 covers the two extrinsic axes that have
received sustained attention, and Section A.3 covers the support-form axis that FORGE completes.

A.1 INTRINSIC ADAPTIVE THINKING

A first line of work allocates inference compute inside the backbone itself. Frontier reasoning systems
learn to expend more decoding tokens on harder queries through chain-of-thought training (OpenAl
et al., 2024; Guo et al., 2025), and recent assistants expose this as a user-facing thinking budget that
is set per request (Anthropic, 2025). A growing body of work studies how to control this budget
automatically rather than by user toggle. Muennighoff et al. (2025) show that a simple budget-forcing
trick at test time recovers most of the gains of full reasoning training on a small base model. Wang
et al. (2025) train an RL controller that selects reasoning configurations (temperature, depth) per
query for any backbone, with theoretical convergence guarantees. The recent survey of Alomrani
et al. (2025) catalogs this space along an L1 (controllability) versus L2 (adaptiveness) axis and lists
more than a dozen budget controllers built on top of reasoning-trained hosts.

All of these methods presuppose either a reasoning-trained backbone or a user-exposed thinking
toggle, and they condition behavior on query difficulty by changing how the model itself executes.
Frozen hosts deployed behind closed APIs or pinned checkpoints cannot generally be retrained by
the application, although some expose a per-request reasoning budget. FORGE routes support form
and exposed thinking options around a fixed host; our evaluation covers single-step decisions.

A.2 EXTRINSIC ADAPTIVITY: MODEL AND RETRIEVAL ROUTING

The first extrinsic axis routes queries among backbones of different cost and capability. Frugal-
GPT (Chen et al., 2024) cascades a query through increasingly expensive models and stops when a
verifier reports sufficient confidence. RouteLLLM (Ong et al., 2025) trains a preference-based router
that selects a strong or weak model per query. AutoMix (Aggarwal et al., 2024) adds self-verification
to estimate answer reliability before escalation. BEST-Route (Ding et al., 2025) jointly routes among
models and response sample counts under an explicit cost-quality Pareto objective, the closest prior
work in spirit to our framing. These methods also study cost—quality routing, but their decision
variable is the backbone itself. FORGE fixes the host and routes the support form for each query.

The second extrinsic axis decides whether and how aggressively to retrieve. Retrieval-augmented
generation prepends retrieved passages to every query (Lewis et al., 2020a; Shi et al., 2024); adaptive
variants relax this default along several sub-axes. Self-RAG (Asai et al., 2024) trains the language
model to emit reflection tokens that trigger retrieval on demand, at the cost of modifying the host.
CRAG (Yan et al., 2024) adds a post-hoc evaluator that triggers corrective retrieval when document
quality is low, and IRCoT (Trivedi et al., 2023) interleaves retrieval steps with chain-of-thought
reasoning for multi-hop queries. Adaptive-RAG (Jeong et al., 2024) trains a query-complexity
classifier to pick among no retrieval, single-step retrieval, and iterative multi-step retrieval. Self-
Route (Li et al., 2024) frames the decision as a per-query binary choice between RAG and long-context
generation. More recent routing benchmarks (Wang et al., 2026; Bansal & Agarwal, 2026; Zhou
et al., 2026) catalog inference-time strategies such as Direct, CoT, and ReAct, and study how to
route among them. The sufficient context lens of Joren et al. (2025) treats sufficiency as a property
of query—context pairs and uses it to gate abstention. Its analysis of frozen hosts motivates treating
support form as a separate decision about evidence delivery.

Both axes operate on whether or how deeply to retrieve. Retrieved content typically reaches the host
as raw passages or a near-equivalent, leaving support form fixed. Adaptive-RAG (Jeong et al., 2024)
is evaluated in Section 4, and a host-confidence Self-Routing heuristic is reported in Appendix C.8.
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A.3 SUPPORT-FORM ROUTING WITH A FIXED HOST

The third extrinsic axis selects what form the external support takes, holding the backbone and the
retrieval backend fixed. Prior tiered-memory systems already route between two support forms within
memory hierarchies. TierMem (Zhu et al., 2026) organizes memory into a two-tier hierarchy of
summaries and raw pages with a sufficiency router that escalates from summary to raw, reducing
tokens by 54% on LoCoMo (Maharana et al., 2024) with minimal accuracy loss. MemPO (Li
et al., 2026) and Memento (Zhou et al., 2025) apply reinforcement learning to optimize memory
management, and PRIME (Wang & Jiang, 2026) builds experience libraries through iterative evolution
without backbone training. A different angle is offered by advisor models (Asawa et al., 2025), which
train a small policy that emits free-form natural-language steering instructions to a black-box host
on a per-instance basis. TierMem routes between summary and raw but does not include the Direct
option that bypasses retrieved support; advisor models deliver free-form hints rather than choosing
among the fixed Direct, Summary, and Raw support forms studied here.

Jiang et al. (2025a) catalog the space of agent-supervised tool adaptation, in which a frozen agent
supervises the training of a small downstream module via reward feedback, and place tiered-memory
routers, advisor models, and similar systems in this family. Two additional architectural precedents
matter for FORGE’s design, even though each was originally motivated by a different task. Jiang
et al. (2025b) introduce s3, a PPO-trained T2 search agent that decouples the retriever from the
generator and optimizes a Gain-Beyond-RAG reward; s3’s choice of on-policy PPO over a frozen
host establishes that small reward-based routers can train on frontier-scale hosts, and we include it
as a learned-routing baseline in Section 4. Sharma et al. (2025) introduce Sysformer, a transformer-
based adapter that updates system prompts for frozen LLMs in the safety setting (refusal of harmful
prompts), and establish that attention-based adapters can steer frozen hosts without weight access; we
retarget their adapter template to our support-form alphabet as a transformer-based learned-routing
baseline, acknowledging that this retargeting is a partial repurposing rather than a like-for-like
comparison. FORGE studies a three-way Direct/Summary/Raw support choice around a frozen
host, factorizes it with an optional thinking-depth choice (Section 2.3), and refines the routing policy
against measured host feedback. Its distinction from TierMem is the additional Direct arm and joint
decision studied under the stated single-step task protocol, not the invention of support-form routing
itself. TierMem-style two-arm routing, s3’s PPO-trained searcher, and the retargeted Sysformer
adapter are all included as experimental baselines in Section 4.

The three forms differ in prompt length and evidence content. FORGE compares their measured
answer quality and token use under the specified utility; no information-bottleneck or rate-distortion
optimality claim is needed for this empirical choice. A complementary line in agent context compres-
sion (Kang et al., 2025) condenses observation histories for long-horizon agents. FORGE studies the
narrower, single-answer decision and does not evaluate long-horizon interactions.

B IMPLEMENTATION DETAILS

All experiments were conducted on an HPC cluster (details anonymized for double-blind review).
Local open-source hosts were served on 64 GB HBM GPU accelerators, with up to 128 accelerators
running concurrently across 16 nodes at peak. Closed-source and API-served hosts were queried
through the corresponding managed inference endpoints. The final experimental matrix spans 8
LLM backbones ranging from 7B to 671B parameters, 5 benchmarks, and 40 host-benchmark
cells. Stage 1 supervised training is CPU-only and completes in under two minutes; Stage 2 GRPO
refinement runs on a single 8-GPU node and completes in 8 to 12 hours per Pareto operating point.

B.1 HARDWARE AND SOFTWARE ENVIRONMENT

Table S1 lists the hardware and software used in our experiments.

B.2 FROZEN HOST CONFIGURATION
The host pool is partitioned into three groups by deployment mode and intrinsic capability (Table S2).

Locally hosted models are loaded in float16 and sharded across eight HBM accelerators per node via
device_map="auto". Qwen3-8B-Instruct and Qwen3-8B-Thinking denote the same Qwen3-8B
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Table S1: Hardware and software environment.

Category Value
Cluster
System HPC cluster (anonymized for review)
Node CPU 64-core x86_64
Node GPUs 8 x 64 GB HBM accelerators
Node memory 512 GB
Software stack
(O] Linux
GPU runtime 6.2.4 (vendor-specific)
Python 3.11.11
PyTorch 2.6.0 (with vendor-specific GPU backend)
Transformers 5.0.0
Sentence-Transformers  5.4.1
Datasets (HF) 4.0.0
scikit-learn 1.6.1
rank_bm?25 0.2.2

checkpoint run with its thinking mode disabled and enabled, respectively. API models are accessed
through managed inference endpoints without weight access. The cross-host API tables use cached-
feature evaluation; only Lite has a measured Fresh Online API example, and Full FORGE’s Fresh

Online API latency is unmeasured.

Table S2: Frozen LLM backbones grouped by deployment mode and thinking capability.

Host Family Parameters

Precision Deployment

Non-thinking local hosts (main results, Table 1)

Qwen3-8B-Instruct (main) Qwen 3 8B floatl6 Local (8 accelerators)
Mistral-7B-Instruct-v0.3 Mistral 7B floatl6 Local (8 accelerators)
Thinking-capable hosts (composition experiment, Table 7)

Qwen3-8B-Thinking Qwen 3 8B float16 Local (8 accelerators)
Claude Sonnet 4 Anthropic - - API

DeepSeek-R1 DeepSeek  671B MoE = — API

Frontier non-thinking hosts (cross-host transfer, Table 8)

Llama-3.3-70B-Instruct Llama 3.3 70B - API

DeepSeek-V3.2 DeepSeek  671B MoE - API
Qwen3.5-397B-A17B Qwen 3.5 397B MoE - API

Table S3 lists the decoding parameters. All non-thinking arms share identical decoding to isolate
the effect of the action from decoding variability. Self-consistency (SC) probes use temperature
sampling with a short per-call budget; the full online cost still includes all three samples and the
greedy probe. Think-Low and Think-High set the host’s per-request reasoning budget (construction

in Appendix B.3).

Table S3: Decoding and inference parameters across host groups.

Parameter Local hosts

API hosts

max_new_tokens (arm answer) 64
max_new_tokens (SC sample) 24

Greedy temperature 0
SC temperature 0.7
SC top-p 0.9
SC samples K 3

Think-Low budget (output tokens) 1,024
Think-High budget (output tokens) 4,096
API rate limit used -

64

24

0

0.7

0.9

3

1,024

4,096

25 requests/min
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B.3 RETRIEVAL AND ACTION CONSTRUCTION

All actions share a fixed retrieval backend so that performance differences reflect routing rather than
retriever tuning (Table S4). Each action a = (u, 6) selects support form p and thinking setting 6.

Summary form construction. The Summary action is constructed deterministically without any
auxiliary language model: BM25 retrieves the top-3 passages, all sentences within those passages
are re-ranked by BM25 against the query, and the top-ranked sentences are concatenated until a
budget of ~140 words is reached. No second-stage LLM call or learned compressor is invoked for
Summary, so its selected-answer input tokens are its host prompt length. This statement concerns
support construction; Full FORGE’s pre-routing host probes are accounted for separately under the
fresh-online protocol in Appendix B.9. We use fixed BM25 and deterministic extractive Summary.
Learned compressors and other retrieval backends require separate training and evaluation.

Thinking-setting construction. NoThink uses plain decoding without a thinking instruction, and
CoT-Prompt appends the suffix in Table S4; both settings are available on every host. On thinking-
capable hosts, Think-Low and Think-High set the host’s per-request reasoning budget to 1,024 and
4,096 output tokens, respectively; all other decoding parameters follow Table S3.

Table S4: Retrieval pipeline and action construction.

Component Value

Retriever BM25 (rank_bm25)

Embedding model BAAI/bge-base-en-v1.5 (768-d, normalized)
Tokenizer lowercase + punctuation removal

Stopword list 57 common English stopwords

Top-k for Summary/Raw 3 passages

Support-form axis M
Direct (1 = 0) Question only, 0 extra input tokens
Summary (¢ = 1) Query-aware sentence selection; <140 words
Raw (u = 2) Top-3 BM25 passages; <200 words per passage
Thinking-depth axis © (thinking-capable hosts)
NoThink Plain decoding; no thinking instruction
CoT-Prompt “Let us think step by step” suffix
Think-Low Reasoning budget 1,024 output tokens
Think-High Reasoning budget 4,096 output tokens

B.4 ROUTER ARCHITECTURE AND THREE-STAGE TRAINING

Full FORGE uses a factorized MLP with a 789 — 256 — 256 shared encoder, followed by
support-form and thinking-depth heads (Section 3.1). FORGE-Lite retrains the router on the 778
host-independent input dimensions. Training proceeds in three stages: offline arm enumeration on
the warm-start subset (Stage 0), supervised KL distillation against the Boltzmann target (Stage 1),
and policy-guided group-relative refinement using host feedback on the expanded action alphabet
(Stage 2). Table S5 lists all router-specific hyperparameters.

Stage-1 warm-start objective (full form). The warm-start router g, is trained by minimizing the
KL divergence on the u head against the Boltzmann target 7j; ;,, restricted to Ay arm at temperature
T0= 1.0:

1

Ewarm (9) = N,

ZDKL(WEo1tz(' | ;) H T (- | h(wi))), S

with 773 initialized uniform. The target is the closed-form optimum of the stated entropy-regularized
finite-action utility on Ay.rm; the finite-capacity Stage-1 router only approximates this target. The
default warm-start uses three actions. The controlled Stage-2 comparison also evaluates an additional
full-alphabet, six-action Stage-1 control under matched features, decoding, and cost weights; that
control is distinct from the three-action warm-start row in the canonical table.
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Pre-answer features Factorized policy

Shared encoder u
BGE query vector (768-d) > Full: 789 —s 256 — 256 N m: three support forms

Full: 21 structured features Yo, 7%: reasoning given support
Lite: 10 structured features SRt Full: =~ 269K parameters

Selected prompt
— frozen host

Figure S1: Full and Lite router deployment paths. Full uses four pre-routing host generations to
construct its 11 host-derived features on a fresh query; Lite is retrained without them. Both variants
select one joint action before the frozen host answers, and the host weights remain fixed.

Stage-2 clipped policy and auxiliary losses (full form). Let p;, ,(0) = mo(ap,q | b) /70,4 (Cb,g |
xp) be the displayed old-policy ratio. The clipped surrogate uses the PPO-style construction of Schul-

man et al. (2017) with the group-relative advantage A; , of Shao et al. (2024) (Eq. 4):

1 . 5 . A
Lool(0) = ~Ba Z mm(pb,g Ap g, clip(ppg, 1 —n,14+n) Ab’g>7 6)

b.g

with 7 = 0.2. The action groups are stratified to cover support forms when G > | M| (Table S5). This
changes the behavior proposal to a distribution ¢(a | ) that need not equal 7y, (a | ). Without a
proposal correction involving ¢, the displayed ratio does not make Eq. 6 an unbiased policy-gradient
estimator for the old policy. We therefore treat Stage 2 as a policy-guided, group-relative clipped
surrogate aligned with measured utility, not an exact gradient step toward or convergence guarantee
for the Boltzmann target. The total Stage-2 loss is Lgrro = Lpol + L1, + Lens With the auxiliary
terms

Lxn(0) = B- %ZDKL(WB(' | xp) || 700 (- | 7)), Q)
b

Lent(0) = —a- éZH(mg(- | ). ®)
b

The KL anchor keeps the clipped update close to the Stage-1 warm-start reference g, ; the entropy
bonus discourages premature collapse on the larger alphabet. Optimization uses AdamW at learning
rate 1 x 1075 with K uer = 4 minibatch updates per rollout before Tg,..q 15 refreshed. The KL
coefficient 3 follows an adaptive schedule: it is multiplied by 1.5 every 100 steps when the observed
per-query KL exceeds 0.05, and divided by the same factor when it falls below 0.005, so that the
policy neither drifts off the warm-start manifold nor stagnates on it. Stage 0 costs | Awarm| * Nwarm =
3-1500 = 4500 host calls (single node, under one hour); Stage 1 is CPU-only and completes in under
two minutes. Each Stage-2 operating point uses Tgrpo BG = 5000 x 32 x 8 = 1,280,000 atomic
model completions, about 384M input and 82M output tokens in the measured resource accounting,
and 8-12 hours on one 8-GPU node (64-96 GPU-hours). BGE and MLP routing take 0.5-5.5 ms
in the measured settings, excluding host calls that acquire Full FORGE’s probes on unseen queries.
Appendix B.9 includes those calls in Fresh Online token and latency accounting.

B.5 FEATURE EXTRACTION

Full FORGE’s input ¢y (7) € R combines six feature groups (Table S6). Eleven dimensions
depend on a greedy host probe and three self-consistency samples, so an unseen fresh-online query
requires four pre-routing host calls before its routed answer. FORGE-Lite is retrained with the 778
host-independent dimensions only: 768 BGE embedding dimensions, four BM25 statistics, one
query—top-passage cosine, and five query-structure features. It uses no host probe in training or
inference. Structured features are standardized using training-set statistics.

The strong BGE+BM25 baseline uses 773 host-independent dimensions (768 BGE, four BM25,
and one query—top-passage cosine) and matches the Stage-0 data, MLP capacity, optimizer, and
development-set search budget. It has no query-structure features, host probes, or GRPO. Table S7
reports the canonical cached feature-and-training ladder. Its point estimates should not be combined
with the nine-run means in the uncertainty analysis as though they were the same statistic.
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Table S5: Router architecture and three-stage training hyperparameters.
Hyperparameter Value
Architecture
Shared encoder h(x) 2-layer MLP, 789 — 256 — 256, ReLLU, dropout 0.1

Support-form head 7"
Thinking-depth head 7%
Total parameter count

Linear, 3 logits
Linear,
~269K

©| logits, input [h(z); ()] with e(u) € R*®

Stage 0: Offline arm enumeration

Warm-start alphabet Awarm
Warm-start size Nyarm

M x {NoThink} (3 arms)
1,500 queries

Stage 1: Supervised warm-start (KL distillation)

Soft-label temperature o
Optimizer

Learning rate

Weight decay

Batch size

Maximum epochs
Early-stopping patience

1.0

AdamW
2x107*

0.01

64

50

7 (dev accuracy)

Stage 2: policy-guided GRPO refinement

Full alphabet A K =6 (non-thinking hosts) or K =12 (thinking hosts)
Rollout group size G 8

Batch size B (queries per step) 32

Inner gradient steps per rollout Kinner = 4

PPO clip range n 0.2

KL anchor target 0.02 (per query, adaptive ()

KL anchor S initial 0.05; multiplied by 1.5 every 100 steps if KL out of band
Entropy bonus « 0.01

Sampling Stratified to ensure u coverage when G > | M|
Optimizer AdamW

Learning rate 1x107°

Total update steps Tgrpo 5,000

Pareto utility (default)
Input cost weight \i,
Output cost weight Aoyt

0.1 (swept in Table S14)
0.2 (swept in Table S14)

Table S6: Feature groups for Full FORGE (789 dimensions) and FORGE-Lite (778 dimensions).
Only Full uses the 11 host-dependent dimensions.

Group Features Dim
Query embedding (BGE)  Frozen sentence embedding 768
Query structural length, WH flag, entity count, comparison flag, temporal flag 5
Retrieval BM25 top-1 score, top-5 mean, score gap, score std 4
Host probe answer length, output tokens, IDK flag, hedging flag, query overlap, 7

numeric flag, confidence

Self-consistency agreement, unique ratio, average length, greedy match 4
Cross-modal query—top-1-passage cosine similarity 1
Full total All six groups 789
Lite total BGE + query structural + retrieval + cross-modal 778

B.6 DATASET CONFIGURATION

Table S8 lists the train/test splits per host group. The original tables use a canonical split (data-
sampling seed 42), and cross-host transfer uses a matched canonical test subset. The uncertainty
analysis combines three independent train/dev/test splits with three training seeds per split on both
main local hosts. Its nine-run mean and standard deviation are distinct from canonical point estimates
and paired-query bootstrap intervals on the canonical test split.
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Table S7: Canonical cached F1 (%) for matched feature and training variants. The 773-
dimensional BGE+BM?25 baseline supplies a competitive reference. FORGE-Lite adds the five
structural features without host calls; Full FORGE adds 11 host-dependent dimensions. All entries
are point estimates on the canonical evaluation split, separate from the nine-run means.

Variant Dimensions Qwen3-8B  Mistral-7B
BGE+BM25-Hard 773 56.8 46.7
BGE+BM25-KL 773 57.5 47.5
FORGE-773 (three arms) 773 58.0 48.0
FORGE-773 (six arms) 773 584 48.6
FORGE-Lite 778 58.7 49.1
Full FORGE 789 59.5 50.1

Table S8: Per-benchmark sample sizes for the canonical split (data-sampling seed 42). The additional
nine-run uncertainty analysis uses three independent splits and three training seeds per split.

Benchmark Train (local) Test (local) Test (transfer)
HotpotQA (distractor) 1,500 300 75
2WikiMultiHopQA 1,500 300 75
MuSiQue 1,500 300 75
PopQA 1,500 300 75
FEVER 1,500 300 75

B.7 ASSET LICENSES AND ATTRIBUTION

All datasets, frozen language models, and software libraries used in this work are credited to their
original creators, accessed under their original licenses, and used in a manner consistent with their
intended research use. Table S9 summarizes the assets and their licenses; the underlying datasets and
model weights are not redistributed with this work.

Table S9: Licenses for existing assets used in this work. Datasets are accessed via their original
release channels; frozen LLMs are accessed via their published weights or provider APIs.

Asset Type License / Terms Citation
HotpotQA (distractor) Dataset CCBY-SA 4.0 Yang et al. (2018)
2WikiMultiHopQA Dataset Apache 2.0 Ho et al. (2020)
MuSiQue Dataset CCBY 4.0 Trivedi et al. (2022)
PopQA Dataset MIT —

FEVER Dataset CCBY-SA 3.0 —

Wikipedia (retrieval corpus) Corpus CCBY-SA 4.0 —
Qwen3-8B-Instruct / -Thinking Frozen LLM Apache 2.0 —
Qwen3.5-397B Frozen LLM Apache 2.0 —
Mistral-7B-Instruct-v0.3 Frozen LLM Apache 2.0 —
Llama-3.3-70B-Instruct Frozen LLM Llama 3.3 Community —
DeepSeek-V3.2 / -R1 Frozen LLM MIT —

Claude Sonnet 4 Frozen LLM (API) Anthropic APl terms  —
BGE-base-en-v1.5 Embedder MIT Xiao et al. (2024)
rank_bm25 Library Apache 2.0 —

PyTorch / HuggingFace Transformers Library BSD / Apache 2.0 —

B.8 COMPUTE SCALE

Table S10 summarizes the overall compute footprint. At peak, 128 GPU accelerators ran con-
currently across 16 nodes for Stage 0 arm enumeration on the local backbones. Stage 2 GRPO
refinement uses a single 8-GPU node per Pareto operating point. API-based experiments with frontier
proprietary models were executed on externally managed infrastructure and incur no local cluster
compute time. Stage 2 is a one-time source-host training cost, not a target-host cost incurred on
each transfer query. In the matched six-action, nine-run comparison, it adds 1.8 macro-F1 points on
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Qwen3-8B and 1.7 on Mistral-7B over the corresponding Stage-1 checkpoints, while reducing cached
selected-answer tokens by 7.1% and 8.1%, respectively. The larger three-arm-to-six-arm difference
also includes action-alphabet expansion and must not be attributed wholly to GRPO. Skipping Stage
2 avoids rollout cost but leaves Full FORGE’s Fresh Online host probes.

Table S10: Compute resources and experiment counts.

Resource or artefact Value
Cluster nodes used (unique) 16+
Peak concurrent GPU accelerators 128
SLURM allocations active 2 institutional allocations
Stage 0 host calls (per local backbone) ~4,500 (3 arms x 1,500 queries)
Stage 2 completions (per Pareto point) 1.28M (T - B - G at T=5000, B=32, G=8)
Stage 2 input / output tokens (per point) About 384M / 82M
Stage 2 wall-clock (Qwen3-8B local, per Pareto point) 8 to 12 hours on 8-GPU node
Stage 2 local GPU-hours (per point) 64 to 96 GPU-hours
API calls issued (transfer + thinking) ~22,000
Distinct LLM backbones evaluated 8

Parameter range 7B-671B
Benchmarks evaluated 5
Host x benchmark cells 40

The matched six-action budget trajectory separates GRPO refinement from action expansion. At 0,
2,500, and 5,000 updates, Qwen3-8B reaches 57.6, 58.9, and 59.4 macro-F1 with 0.255, 0.244, and
0.237k cached selected-answer tokens per query. Mistral-7B reaches 48.3, 49.5, and 50.0 macro-F1
with 0.272, 0.259, and 0.250k tokens. These improvements require the one-time training expenditure
above; they do not account for Full FORGE’s Fresh Online probes on later queries.

B.9 INFERENCE LATENCY

Table S11 isolates local feature and router computation. The frozen BGE encoder dominates this
local component, with little MLP time, but the table does not include the host executions required
to populate Full FORGE’s 11 host-dependent features on a fresh query. Main-text Table 2 reports
end-to-end Fresh Online latency with those calls included.

Table S11: Local routing latency (ms/query). Median over 1,000 HotpotQA-style queries.

Component CPU GPU GPU
p (1 thread) (batch 1) (batch 32, amort.)
BGE-base encoder (frozen) 274 4.9 0.39
Structured feature extraction 0.6 0.6 0.05
FORGE MLP head (7*, 7%) 1.1 0.05 0.01
Total routing decision 29.1 5.5 0.45
Self-consistency probe (Ks.=3 host samples) — — 90.0
Host answer inference (Qwen3-8B, 64 out tokens) — 122.5 78.4

Mean query length is 18 tokens. The total routing-decision row covers local computation only.
On a fresh Full FORGE query, three self-consistency samples and one greedy probe require host
calls; the self-consistency row is an amortized batch-32 component, not complete Fresh Online
overhead. Host answer inference is shown for scale.

In the cached-feature setting, a previously processed query can reuse the four Full FORGE probe
outputs, leaving only the local routing computation before the selected answer. A new query in Fresh
Online use must acquire those features: one greedy probe and three self-consistency samples precede
the routed answer, for five host calls in total. FORGE-Lite retrains on host-independent features and
needs only one host call for the routed answer.

Full FORGE trades much higher latency for its additional F1 on these local hosts: Qwen3-8B’s p50
increases from 122.5 to 271.4 ms relative to Always-Raw. Lite obtains a smaller F1 gain with p50
near Always-Raw. On the measured DeepSeek-V3.2 API example, zero-shot Lite obtains 63.1 F1,
0.182k tokens, and about 2.2 s end-to-end latency versus Always-Raw’s 63.4 F1, 0.287k tokens, and
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about 2.1 s. This is a token-saving trade-off with slightly lower F1 and higher latency, not a three-axis
Pareto improvement. Fresh Online Full FORGE latency was not measured on API hosts.

Cost-accounting note. Cached-result tables count selected-answer tokens and exclude earlier
feature-acquisition calls, so they do not represent the end-to-end cost of a new query. Fresh Online
evaluation also counts Full FORGE’s greedy and self-consistency probes in tokens and latency; Lite
has no host-dependent calls. Summary uses no auxiliary LLM call (Section B.3), and its prompt
tokens are included in both cost-accounting protocols.

B.10 REPRODUCIBILITY

Seed 42 identifies the canonical data split used for the point-estimate tables. The uncertainty analysis
on Qwen3-8B and Mistral-7B instead evaluates three independent train/dev/test splits with three
router-training seeds per split (nine runs per method and host). Each tunable baseline is retuned on
its corresponding dev split with the same search budget. Nine-run standard deviations summarize
split and initialization variation; paired-query bootstrap confidence intervals compare methods on the
canonical test split and are not nine-run intervals. The bootstrap resampling unit is the matched test
query. The Oracle (6-arm) reference rows are enumerated references that use the observed outcomes
of all six arms for each query. They are not deployable policies and are reported as descriptive
references rather than F1 or EM upper bounds. Exact reproduction requires model outputs, Stage-0
enumeration tables, Stage-1 warm-start checkpoints, and Stage-2 GRPO checkpoints in addition to
the method settings reported here. Given pre-enumerated arm outputs, the reported Stage-1 supervised
pipeline completes on one CPU in under two minutes. Stage-2 reproduction additionally requires the
host endpoints used for rollout.

Hyperparameter selection. The Pareto utility’s cost weights (A, Aout) = (0.10,0.20) and the
Boltzmann temperature 7 = 1.0 are selected once on the Qwen3-8B HotpotQA dev set (N=500)
and held fixed across the original host and benchmark comparisons. These weights specify a study
operating point, not a universal price for user value. Table S14 reports a canonical cached sensitivity
grid; its F1 range is 1.2 points on the non-thinking host and 2.5 points on the thinking-capable host.
Baselines with tunable scalars receive the same dev-budget tuning protocol on the same dev split:
the BM25-Threshold rule’s two thresholds are grid-searched, Adaptive-RAG’s complexity-classifier
threshold is calibrated, and the Sysformer adapter rank is selected from {4,8,16}. In cross-host
transfer (Section 4.6), A and 7 are not retuned per target host and no target-host Stage 2 training is
run. Zero-shot describes the transferred weights, not the absence of Full FORGE’s target-host feature
probes on a fresh query; the API transfer tables use cached-feature accounting.

B.11 SUPPLEMENTARY FIGURES

This subsection collects the schematic of the three extrinsic axes of adaptive inference (Figure S2).

C ADDITIONAL ABLATIONS

This appendix collects ablations referenced from the main text but deferred for space.

C.1 STAGE-2 TRAINING AND KL-ANCHOR ABLATIONS

Table S12 puts the Stage-2 algorithm comparison and KL-anchor sweep on the same two benchmarks
and cost scale. The shared three-arm Stage-1 row is a pipeline reference rather than a same-alphabet
GRPO control; Panel A compares six-arm refinements, and Panel B varies the GRPO anchor around
the default row in Panel A. The matched six-arm, nine-run comparison reported above isolates
Stage 2 from alphabet expansion. GRPO and Dr. GRPO differ by at most 0.2 F1 in the displayed
point estimates on the two benchmarks. Both exceed DPO and RLOO here, but this table alone
does not establish a statistical tie or measure the matched six-action Stage-2 gain across all five
tasks. That controlled comparison gives 4+1.8 and +1.7 macro-F1 on Qwen3-8B and Mistral-7B,
respectively, at 1.28M model completions per operating point (Appendix B.8). GRPO is the reported
primary configuration; the comparisons among DPO, RLOO, Dr. GRPO, and GRPO apply to this
implementation and tested action alphabets.
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Three axes of adaptive inference for frozen agents

Extrinsic adaptivity (backbone frozen)

1. Model routin
e ‘ FrugalGPT ’ ‘ RouteLLM ’ ‘ BEST-Route ’

2. Retrieval routin
9 ‘ Adaptive-RAG ’ ‘ Self-RAG ’ ‘ Self-Route ’

3. Support-form routin
" ’

Intrinsic adaptivity (modifies backbone): 01 - DeepSeek-R1 - Claude-3.7 -- complementary

Figure S2: Three extrinsic axes of adaptive inference for frozen agents. Model routing (Chen
et al., 2024; Ding et al., 2025) and retrieval routing (Jeong et al., 2024; Asai et al., 2024) have been
studied at length. Support-form routing, the third axis, is the focus of this paper. An orthogonal
intrinsic axis exists on hosts that expose a reasoning budget (OpenAl et al., 2024; Guo et al., 2025),
and our framework composes with it where available.

Table S12: Stage-2 refinement and KL-anchor ablations on Qwen3-8B. Canonical Cached F1
(%) and selected-answer token cost C' (k) on HotpotQA and MuSiQue. Panel A compares six-arm
refinement methods from the same Stage-1 checkpoint. Panel B varies (3 for six-arm GRPO; the
highlighted GRPO row in A is its default adaptive 5=0.05 point. The three-arm Stage-1 row is shown
once as a shared pipeline reference, not a matched six-arm S=oc limit.

HotpotQA MuSiQue
FI+ Cl Fi1t+ CJ

Configuration Avg F11

Shared three-arm pipeline reference
Offline KL only (FORGE (Stage 1)) 58.3 0.272 20.8 0.295 39.6

A. Stage-2 algorithm (six-arm alphabet)

DPO (Rafailov et al., 2023) 59.5 0.258 25.0 0.265 42.3

RLOO (Ahmadian et al., 2024) 59.2  0.263 246 0.272 41.9

Dr. GRPO (Liu et al., 2025) 60.6 0.235 265 0.249 43.6

GRPO (8=0.05, default) 60.4 0236 264 0.252
B. GRPO KL-anchor coefficient (8 (six-arm alphabet)

B = 0 (no anchor) 56.2 0412 22.1 0.398 39.2

B = 0.01 (weak) 59.6 0.252 255 0.265 42.6

B = 0.20 (strong) 59.1 0.265 247 0.282 41.9

C.2 FACTORIZED VERSUS FLAT PoLICY HEAD

Table S13 compares the default factorized head my(a | ) = 7} (1 | h(z)) - 75 (0 | h(z), p) against
a flat K-way categorical head over the joint action a = (u, 6), with feature vector and Stage-2
hyperparameters held fixed. At K=6 the displayed factorized-versus-flat difference is 0.6 F1; at
K=12itis 1.6 F1, with the reported parameter counts 269K versus 273K. These two tested settings
are consistent with a benefit from conditioning thinking depth on support form, but do not establish a
general scaling law in K. All main-paper results use the factorized head.

Table S14 shows a quality—cost trade-off rather than invariance to the cost weights: the non-thinking
host spans 1.2 F1 points and the thinking-capable host spans 2.5 points across the displayed grid.
The table uses cached selected-answer tokens; the Fresh Online token curves also include feature
acquisition. Increasing A;, shifts the policy toward cheaper input arms (Direct over Raw), and
increasing A,y specifically suppresses thinking-budget arms on thinking-capable hosts. The default
of (0.1,0.2) was selected on a held-out development set and held fixed for all main results.
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Table S13: Factorized vs flat policy head. FORGE F1 (%), average cost C (k), and policy parameter
count under two architectures: a flat K'-way categorical head over the joint action a = (u, ), and
the default factorized head 7 (| h(x)) - 7%(6 | h(x), i) (Section 3.1). Reported on Qwen3-8B
(K=6) and Qwen3-8B-Thinking (K=12).

Qwen3-8B (K=6) Qwen3-8B-Thinking (K=12)

Policy head = _ # params
F11 cl F11 cl

Flat K-way categorical 59.8 0.241 63.2 0.715 273K

Factorized m# - w%# (default)  60.4 0.236 64.8 0.690 269K

Table S14: Canonical cached sensitivity to cost weights )i, and )\,,;. FORGE F1 (%) and
selected-answer token cost C' (k) on Hotpot QA for non-thinking Qwen3-8B and thinking-capable
Qwen3-8B-Thinking. Across the surveyed points, F1 spans 1.2 and 2.5 points, respectively. The
study default (0.1,0.2) is highlighted; these weights are not universal prices.

Non-thinking host ~ Thinking-capable host

)\in )\out
F11 cl F1 1 cl

0.05 0.0 60.8 0.262 65.5 0.852
0.05 0.2 60.7 0.246 65.0 0.731
0.10 0.0 60.4 0.253 65.2 0.802
0.10  0.20 (default)  60.4 0.236 64.8 0.690
0.10 0.50 59.9 0.218 63.5 0.582
0.20 0.20 59.6 0.210 63.0 0.624

Table S15: Training-size sweep. HotpotQA F1 (%) for Stage 1 and Stage 1+2 on Qwen3-8B.

Nyarm FORGE (Stage 1)  FORGE (Stage 1+2)
200 46.8 50.6
500 58.5 60.2
1,000 58.2 60.4
1,500 (default) 58.3 60.4
2,000 58.4 60.5

Table S15 shows empirical Stage-1 saturation around Ny, = 500 on this HotpotQA sweep; no
finite-sample theorem here predicts that threshold. The Stage 1-to-Stage 1+2 difference ranges from
+1.7 to +3.8 F1 across the displayed training sizes, and is +2.1 at the default Ny, = 1,500.
This single-benchmark sweep does not isolate GRPO from action-alphabet changes in the main
three-arm-to-six-arm comparison. Stage 2 needs rollout calls but no extra warm-start data.

C.3 PER-ARM ALLOCATION CHANGES FROM THREE TO S1X ACTIONS

The original three-arm Stage-1 to six-arm final-policy comparison differs in both action availability
and optimization; its +3.5 Qwen3-8B and +3.6 Mistral-7B macro-F1 differences are not GRPO-only
effects. The matched six-action, nine-run comparison isolates the Stage-2 increment at +1.8 [1.3,
2.3] and +1.7 [1.2, 2.2] macro-F1, respectively (paired 95% confidence intervals on the canonical
test split). Table S16 describes the canonical three-arm-to-six-arm allocation changes on Qwen3-8B.
Its per-arm terms are descriptive accounting terms, computed as Aalloc,, - (mEt — mFL) for the

selected query subsets; they should not be interpreted as controlled causal effects of GRPO. Here
CoT-Prompt aggregates the three CoT-Prompt arms across support forms.

The largest descriptive term is the +2.9 associated with CoT-Prompt, which the three-arm warm-start
policy cannot select. Direct and Summary shifts contribute +1.3 combined, while the Raw term is
—0.7 in this accounting. These terms describe the changed allocations and query subsets; they do
not partition the effect of GRPO from that of adding CoT-Prompt. The matched six-arm comparison
above provides that controlled Stage-2 estimate.

27



Preprint. 2026-09-27

Table S16: Descriptive per-arm accounting for Qwen3-8B’s three-arm Stage-1 to six-arm final-
policy comparison. Allocations sum to 100% within each stage, and the displayed terms sum (up to
rounding) to the observed +3.5 macro-F1 difference. The action alphabet also changes, so this is not
the controlled GRPO-only estimate; Mistral-7B’s aggregate difference is +3.6.

Arm a Stage-1 alloc. (%) Final alloc. (%) A alloc. (pp)  Descriptive F1 term
Direct 13 18 +5 +0.4
Summary 27 32 +5 +0.9
Raw 60 35 —25 -0.7
CoT-Prompt 0 15 +15 +2.9
Total 100 100 — +3.5

C.4 ROUTER BEHAVIOR IN BGE EMBEDDING SPACE

This subsection describes routing in BGE embedding space (Figure S3), and against the per-instance
utility oracle (Figure S4). These plots show action allocation without identifying the cause of each
answer. In these figures, CoT-Prompt aggregates the CoT-Prompt arms across support forms, and
Direct, Summary, and Raw denote the corresponding NoThink arms.

Per-point structure in BGE embedding space. Figure S3 plots a 2D UMAP projection of the
BGE-base sentence embeddings of the same N=1,500 held-out test queries, colouring each point by
FORGE’s argmax action. Five visible cluster regions correspond to five query types derived from
dataset-provided labels (Comparison, Factoid, Multi-hop 2-3 hops, Multi-hop 4+ hops, Verification);
they emerge from the BGE embedding alone, before the router sees them. Most clusters are dominated
by a single arm, and mixed colours concentrate near cluster boundaries. The regions are consistent
with query-dependent routing in the displayed BGE projection, but the visualization alone cannot
rule out memorization or establish why an individual action succeeds.

6
Factoid

44 Comparison

2 Multi-hop 2--3 hops

UMAP-2
o

Verification
Multi-hop 4+ hops

-6 -4 -2 0 2 4 6
UMAP-1

Direct (FORGE argmax) Summary (FORGE argmax) Raw (FORGE argmax) CoT-Prompt (FORGE argmax)

Figure S3: 2D UMAP projection of held-out BGE query embeddings (/N=1,500), coloured by
FORGE'’s argmax action on Qwen3-8B. The five visible clusters correspond to five query types
derived from dataset labels (annotated near each cluster centroid). UMAP uses frozen BGE-base query
embeddings, nncighbors=30, min_dist=0.3, and cosine distance; centroid labels are illustrative.

Alignment with per-instance oracle. Figure S3 shows that FORGE’s routing is structured in
embedding space but not yet that the structure is correct. Figure S4 places FORGE’s routing beside
the per-instance utility oracle on the same UMAP projection. This diagnostic oracle evaluates all six
actions and selects the one maximizing the stated F1-minus-token-cost utility; it is separate from the
three-arm Stage-0 warm-start enumeration and from the tabular Oracle reference rows. FORGE selects
its answer action without enumerating all arms, although Full FORGE still needs host-dependent
feature probes on a fresh query. The two panels are nearly indistinguishable: FORGE matches
the per-instance oracle on 87% of queries, with the residual 13% disagreement concentrated at
the boundaries between clusters where multiple arms are near-tied in Pareto utility (visible as the
small fraction of mismatched-colour points within each cluster, especially on the multi-hop 2—3-hop
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region where Raw and CoT-Prompt are near-tied for many queries). The 87% agreement is with the
specified utility oracle; the UMAP plot does not explain the outcome of individual answers.

Oracle (per-instance best arm by Pareto utility)

Factoid

Comparison

Multi-hop 2--3

Verification

FORGE (router argmax, agreement = 87\%)

Factoid

Comparison

Multi-hop 2--3

Verification

UMAP-2
UMAP-2

Multi-hop 4+ Multi-hop 4+

2 4 6 8 -8 -6 -4 -2

Direct Summary Raw CoT-Prompt

Figure S4: FORGE’s argmax action agrees with the six-arm utility oracle on 87% of the same
queries (N=1,500, Qwen3-8B). Left: the arm maximizing the stated F1-minus-token-cost utility
after offline six-arm evaluation; this diagnostic is separate from the tabular Oracle reference rows
and from three-arm Stage 0. Right: the trained router’s argmax without answer-arm enumeration.
Coordinates and cluster centroids are shared. The residual 13% action disagreement is concentrated
near the displayed multi-hop cluster boundary; this plot does not measure Fresh Online probe cost.

C.5 CROSS-HOST TRANSFER: PER-TASK BREAKDOWN

Table 8 reports macro F1 for cross-host transfer; Table S17 adds per-task F1, Always-Direct (the
parametric-only reference), and FORGE Stage 1 (the supervised warm-start ablation).

C.6 EXACT MATCH (EM) SCORES

The main paper reports token-level F1 throughout for direct comparability with prior routing work.
Table S18 reports EM on the same canonical cached predictions as Table 1. Its Oracle (6-arm)
row is the enumerated reference of Table 1 scored under EM (Appendix B.10); it is a descriptive
reference, not an EM upper bound. The relative ordering is largely preserved, with FORGE leading
the non-oracle policies in macro EM on both hosts. EM/F1 ratios are roughly 0.78 on HotpotQA,
0.82 on 2Wiki, 0.65 on MuSiQue (multi-hop tolerates partial overlap), 0.87 on PopQA, and 0.96 on
FEVER (three-way classification).
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Table S17: Zero-shot cross-host transfer: per-task F1 and cached cost. A source-trained FORGE
router is applied to three API hosts without target-host weight updates.

Targethost  Policy F1 by task (%) Avg F11 f;“(/ll(r)li F
HQA 2Wiki MuSiQue PopQA FEVER &

Direct ~ 429 324 134 385 613 37.7 (9'703805/0) 208
Llama-3.3 Summary 57.6 37.1 205 903 747 56.0 (8'3231;) 25
70B 0318

Raw 647 415 269 888 707 58.5 (o) 00

Oracle  73.8 547 363 908  76.0 66.3 (f'iljf/c , —

0.215

Stagel 619 453 241 903 720 587£04 30 402

FORGE 640 478 272 915 755 [61.2+0.6 (E'fg%) +2.7

Direct 482 292 225 396 493 37.8 (9'315%) 25.6
DeepSeek Summary 584 433 283 948  88.0 62.6 (93124/; , 08
V3.2 0.287

Raw 656 428 318 913 853 63.4 (o) 00

Oracle 722 61.0 444 961  96.0 73.9 (f'(fég) —

0.183

Sagel 633 428 307 929 720 60304 5o -3

FORGE 654 455 335 940 785 [634+07 (9'%19720 | +00

Direct ~ 540 250  19.1 389  66.7 40.7 (E'é)g;{) 224
Qwen3.5 Summary 58.7 44.8 23.4 95.6 88.0 62.1 (2?}(?2() -1.0
3978 0.305

Raw 650 410 298 930 867 63.1 o) 400

0.123

Oracle 742 560 402 956  93.3 19 S —

Stage 1 63.1 465 307 945 827  63.5+04 (9'3?;) +0.4

FORGE 655 49.0 330 945 860 [656+0.5 (95593 , +25

HQA abbreviates HotpotQA. Direct, Summary, and Raw are fixed policies. Each task has 75 canonical
test queries. C' counts selected-answer tokens (k/query); its second line is the reduction relative to Raw.

AL

Raw

compares macro F1 with Raw. Stage 1 and FORGE macro F1 are mean £ SD over three seeds on

the fixed subset; per-task F1 and baseline scores are point estimates. The italic Oracle is an enumerated
six-arm reference (Appendix B.10) and is excluded from practical-policy rankings. Bold marks the
highest practical per-task score; boxed macro F1 marks FORGE, which ties Raw on DeepSeek-V3.2 at
displayed precision. The router uses 2,000 source training and 500 development queries. Pre-routing
host calls are excluded from cached costs.
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Table S18: Exact Match on the canonical cached predictions of Table 1. Scores are percentages.
EM by task (%)

Host Policy Avg EM 1
HQA 2Wiki MuSiQue PopQA FEVER

Direct 185 212 6.1 128 520 22.1
Summary 36.5 31.0 12.2 75.5 78.0 46.6
Raw 450 335 157 730 760 48.6
Oracle (6-arm) 53.5 43.8  22.6 76.5  86.0 56.5

Owen3=88 A japtive-RAG 440 330 150 695 745 472
TiertMem-2arm  37.0 325 135 710 78.0 46.4
$3 430 320 140 680 720 458
Sysformer 450 320 137 750 730 477
Stage 1 455 315 135 760 725 4738
FORGE 475 350 172 765 770
Direct 175 143 47 195 450 20.2
Summary 295 19.8 7.0 695  66.5 38.5
Raw 365 235 8.4 650  69.0 40.5
Oracle (6-arm) 47.0 350  14.0 725 785 49.4

Mistral=7B A qaptiveRAG 355 220 9.0 63.5 670 39.4
TierMem-2arm 31.5 23.0 7.7 61.0 67.0 38.0
$3 355 215 8.3 615  64.0 38.2
Sysformer 370 19.0 8.5 650  66.0 39.1
Stage 1 375 19.0 8.7 665  67.0 39.7
FORGE 395 250 100 700 695

HQA abbreviates HotpotQA. Direct, Summary, and Raw are fixed policies. Adaptive-
RAG (Jeong et al., 2024), TierMem-2arm (Zhu et al., 2026), s3 (Jiang et al., 2025b), and
Sysformer (Sharma et al., 2025) are the comparison routers. The italic Oracle is the enumerated
six-arm reference (Appendix B.10) and is excluded from the practical-policy ranking. Bold
marks the best practical per-task EM (including ties); boxed macro EM marks the best practical
policy on each host.

C.7 NUMERICAL TABLE FOR THE ACTION ALPHABET SWEEP

The KL-anchor values appear alongside the Stage-2 algorithm comparison in Table S12, Panel B,
with the default point in Panel A. Table S19 reports the action alphabet sweep. Adding CoT-Prompt
(K=3 — 6) raises F1 while lowering cost, adding Think-Low (K =6 — 9) gives modest gains (41.0
and +1.1 F1), and unlocking Think-High (K =9 — 12) gives the largest absolute improvement.

Table S19: Action alphabet size ablation. FORGE F1 (%) and cached selected-answer to-
kens C' (k) on HotpotQA and MuSiQue as the alphabet grows from K=3 to K=12 on
Qwen3-8B-Thinking.

HotpotQA MuSiQue

K Alphabet

F1+ C| F1+ Cl
3 {Direct, Summary, Raw} x {NoThink} 58.5 0.272 213 0.295
6  Apt (default non-thinking) 60.4 0236 264 0.252
9 Ay U Think-Low arms 614 0380 27.5 0420
12 Ay (full 12-arm) 64.8 0.690 335 0.760

C.8 HEURISTIC ROUTING BASELINES

Two heuristic routing baselines were excluded from the main results in Table 1 for compactness.
Self-Routing uses the host’s own confidence (a normalized log-probability of the Direct response)
thresholded at the dev-tuned value to decide between Direct and Raw. Frugal GPT-Cascade (Chen
et al., 2024) runs a Direct — Summary — Raw threshold cascade, advancing whenever the previous
arm’s confidence falls below a dev-tuned threshold. Both favor inexpensive actions in the reported
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runs, but they do not have identical behavior: Self-Routing improves Mistral-7B macro F1 from 24.2
to 28.2 in Table S20. Its initial Direct confidence call, and the earlier calls in the cascade, must be
included in any Fresh Online cost or latency comparison.

Table S20: Heuristic routing baselines on the main hosts. F1 (%) and cached selected-answer
token cost C' (k) on the five benchmarks of Table 1. Cached C' omits preliminary Direct/confidence
and cascade calls; thus this is not a Fresh Online comparison. Always-Direct is a reference row.

Host Method HotpotQA 2Wiki MuSiQue PopQA FEVER AvgFl C Ag}m
Always-Direct 26.2 25.7 10.2 15.0 54.4 263 0.040 -30.8
Qwen3-8B Self-Routing 27.0 27.6 11.1 18.2 56.1 28.0 0.058 -29.1
FrugalGPT-Cascade 26.2 25.7 10.2 16.5 55.0 267 0.042 -304
Always-Direct 25.2 17.7 7.9 23.0 47.0 242 0.041 -23.0
Mistral-7B Self-Routing 324 242 11.1 24.0 49.5 282  0.060 -19.0
Frugal GPT-Cascade 25.3 17.9 8.0 23.5 47.5 244 0.043 -22.8

D PROPERTIES OF THE ROUTING OBJECTIVE AND WARM START

These results characterize the finite-action offline target and show how the warm-start reference
shapes it; they give no convergence or regret guarantee for the implemented optimizer.

D.1 VALUE OF PER-QUERY ROUTING

Proposition 1 (Value of per-query routing). For integrable utilities, define U*(x) = maxq,e 4 U(2,a)
as the best achievable per-query utility. Then

E.[U*(x)] > maxE,[U(x,a)].
acA
It is strict if every action a is suboptimal on a set of queries with positive probability.

Proof. For each a and z, U*(x) — U(x,a) > 0. Taking expectations gives the weak inequality.
Under the stated positive-probability condition, each nonnegative difference has strictly positive
expectation. Since A is finite, the inequality is strict against the best fixed action. O

D.2 A FIXED-REFERENCE REGULARIZED OBJECTIVE
The Stage 2 loss includes both an entropy bonus and a KL penalty to the warm-start policy. Their
effect can be characterized for an idealized, unrestricted categorical policy with fixed coefficients.

Proposition 2 (Idealized regularized policy). Fix x, a full-support reference policy wo(- | ), and
coefficients o, f > 0 with a + 3 > 0. The unique maximizer over w(- | x) € A(A) of

S (o | 2)U e, a) - BDxa(n(- | 2) [ mo(- | 2)) + aH(x(- | 2)
’ ro(a | 2)P @) exp(Ulz, a) (o + B))
S mola’ | 2)P/ @) exp(U(w,a)(a + B))

©))

71'T(a | z) =

Proof. Expanding the KL divergence and entropy shows that the objective equals (a+ () log Z(z) —
(a+ B)DkL(w(- | z) || 7T(- | z)), where Z(z) is the denominator in Eq. (9). The KL divergence is
nonnegative and vanishes only when the two policies coincide, proving a unique optimum. O

When 5 = 0, Eq. (9) reduces to Eq. (2) with 7 = a. A nonuniform reference generally changes the
solution when 8 > 0. The proposition describes the exact objective with fixed coefficients and known
utilities. Stage 2 instead uses sampled, group-standardized rewards, a clipped policy surrogate, a
finite router, and an adaptive KL coefficient; the proposition gives no convergence or regret guarantee
for the implemented Stage 2 optimization procedure.
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D.3 WARM-START KL DECOMPOSITION

Stage 1 fits the support-form marginal on the enumerated warm-start actions. For the full action set,
the thinking-depth head assigns equal initial probability to every thinking option.

Proposition 3 (Warm-start KL decomposition). Fix x. Let 7 be the full-action distribution of Eq. (2),
with support-form marginal 7}, and conditional thinking policy ﬂ;lu. Suppose the warm-start policy

factorizes as o, (1,0 | ) = my (1| x)/|O|, with 7y (| ) > 0 for all p. Then
Diim*(- | @) | 7o, (- | 2)) = Dru(my,(- | z) || 7 (- | )
+ 1Og |@| - EMNW;(\L) [H(ﬂ';m< | z, /u‘)):l .
The contribution from the conditional thinking policy lies in [0,log |©|].

(10)

Proof. The KL chain rule splits the joint divergence into a divergence between support-form marginals
and the 7};-weighted conditional divergence. For each yi, Dxy (), || Uniform(©)) = log |©| —

H (m,,,)- Substitution gives Eq. (10); the interval follows from 0 < H (77 ,) < log |©)]. O

This identity separates support-form marginal mismatch from mismatch due to a uniform thinking
head. It bounds only the latter; the marginal term can be larger. The identity describes initialization
mismatch and does not predict the empirical F1 improvement from Stage 2.

E INTERPRETATION OF THE COST-QUALITY SCORE

Equation (1) is a weighted-sum scalarization of measured F1 and normalized token costs. Its weights
select an operating point according to the user’s relative valuation of these quantities; performance
away from the reported weight sweep is an empirical question. Without the entropy term, maximizing
expected utility over all categorical policies chooses a utility-maximizing action for each query (with
arbitrary mixing among ties). The Shannon-entropy regularizer yields the soft labels in Eq. (2).

The measured token count in this formulation is an operational resource cost. It is not the mutual-
information rate in Shannon’s rate—distortion function, so the cost-quality scalarization alone does
not constitute a rate—distortion derivation of the Boltzmann policy.

F LIMITATIONS AND FUTURE WORK

F.1 LIMITATIONS

The scope of this paper is knowledge-intensive QA and fact verification, the task families on which
the Direct/Summary/Raw alphabet is most directly meaningful; reasoning-only benchmarks (e.g.,
MATH, GSMS8K, AIME) where retrieval is rarely useful would require a different action alphabet
(e.g., chain-of-thought depth or tool calls) and are not evaluated here. Stage 0 enumeration cost
remains linear in |Ayarm|, Which constrains how rich the warm-start alphabet can be at training
time; Stage 2 GRPO removes this constraint for the full alphabet A but introduces a host-call rollout
budget of roughly Ty, - B - G per Pareto operating point. FORGE is trained against a fixed
retrieval backend, so joint optimization of retrieval and routing is beyond the scope of this work.
In addition, the current router relies on compact query-level and retrieval-derived features as input;
for document-understanding tasks where long-range context, layout structure, or cross-document
interactions are central, and especially for multimodal settings involving image-text evidence, a
context-aware or multimodal router may be needed to fully capture the support requirements. On
tasks where a single support form uniformly dominates, notably FEVER on non-thinking hosts where
Summary = Raw for 96% of queries, the general-purpose router does not improve on a task-specific
fixed policy; on thinking-capable hosts this gap closes once the thinking-arm composition restores
routing dynamic range. Transfer accuracy is sensitive to the capability gap between source and target
hosts: a source-trained router’s support-form allocation can mismatch the target host’s parametric
knowledge, as observed on FEVER with DeepSeek-V3.2, where FORGE trails both fixed Summary
and fixed Raw. Stage 0 arm enumeration and Stage 2 training require labeled queries to compute the
F1 reward, although inference with a trained router does not require labels. An LLM judge or verifier
could supply proxy rewards for unlabeled adaptation, pending validation against true answer quality.
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F.2 FUTURE WORK

Three directions follow from the current formulation. A target-side calibration step that updates the
last linear layer from a small labelled subset of the target host is a natural remedy for the source-target
capability-gap limitation above. Coupling support-form routing with retrieval or model routing
would enlarge the discrete action alphabet; its training cost and empirical value remain to be tested.
Extending Stage 2 to a sequential cascade, in which the router decides whether to escalate from Direct
to Summary to Raw based on intermediate host responses, would require accounting for the extra host
calls and evaluating the resulting policy separately. Replacing BM25 with dense (DPR or Contriever)
or hybrid sparse-dense retrieval changes the upstream retriever, while M still describes what enters
the host prompt. Comparing these backends could test the scope of FORGE’s improvements in
answer quality and token efficiency.

F.3 BROADER IMPACTS

FORGE changes which evidence and reasoning setting a frozen host receives, so its quality and cost
effects depend on the task, host, and feature-acquisition protocol. The cached-feature comparisons
measure routed-answer tokens after Full FORGE’s host-dependent features have been collected. In
the measured Fresh Online Qwen3-8B setting, Full FORGE improves F1 from 57.1 to 59.5 and
reduces host tokens from 0.430k to 0.384k per query relative to Always-Raw, but its four pre-routing
host calls raise median latency from 122.5 to 271.4 ms. FORGE-Lite avoids those calls and reaches
58.7 F1 at 0.242k tokens and 128.0 ms. These measurements show a deployment trade-off; token
counts alone do not establish energy savings or lower end-to-end cost for every provider.

The cost weights (Ain, Aout ) encode a chosen quality—cost preference. More aggressive cost weighting
can select less evidence and may worsen answers or remove the grounding needed for attribution. A
strong fixed form can also be preferable on a particular task: on FEVER with a non-thinking host, the
Summary-pinned baseline slightly exceeds the general router’s F1. In settings where citations or other
grounding requirements matter, they should be measured directly and included as deployment criteria
rather than assumed to follow from F1 or a change in cost weights. Although the host weights remain
frozen, changing its inputs can change its errors; we have not evaluated whether routing amplifies or
reduces bias, hallucination, or misuse risks outside the reported tasks.

G USE OF LARGE LANGUAGE MODELS

An Al assistant helped revise the manuscript’s prose, organization, and internal consistency, including
reviewing theoretical claims for assumptions and scope. The authors are responsible for verifying the
technical claims, references, and empirical results in the submitted version.
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